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1. Introduction

Most materials increase in size when heated, that is, they have a
positive coefficient of thermal expansion (CTE). CTE is one of the
most important characteristics of materials, widely used in engi-
neering calculations. The positiveness of the CTE is explained by
the asymmetry of the potentials of interatomic interactions, which
is observed for chemical bonds of any type. A negative coefficient
of thermal expansion can appear only in materials with a special
structure that compensates for the asymmetry of interatomic inter-
actions. In the literature, various mechanisms for the appearance

of negative thermal expansion have been
described,[1–8] including transverse vibra-
tions of 2D materials[9] or the presence of
low-frequency vibrational modes of struc-
tural units with rotational degrees of free-
dom,[10] phase transitions,[11] and chemical
modifications.[12,13] Metal nanowires can
exhibit negative thermal expansion (NTE)
due to elastic softening, as well as due to
the effect of surface stress.[14] A negative
CTE can appear as a result of a decrease
in the size of nanoparticles caused by inter-
nal surface pressure.[15]

Various mechanisms for the realization
of NTE are described in the review;[16]

some are associated with transverse acous-
tic modes, while others with the rotation of
rigid polyhedral groups of atoms.

Thermal expansion can be anisotropic, so
that a negative CTE can appear along a certain direction, and a
positive one in an orthogonal direction.[17] Measurements of
CTE for nanographite have shown that reducing the size of the
graphite domain lowers the temperature at which the thermal
expansion along the in-plane direction changes from negative
to positive, and this can be explained by the suppression of the
out-of-plane vibration.[18]

In recent years, carbon nanomaterials such as carbon nano-
tubes (CNTs)[19,20] and graphene[21,22] have received a lot of atten-
tion from researchers because they exhibit a combination of
properties that make them useful in nanotechnologies. The effect
of hydrostatic pressure on structure and mechanical properties of
chiral CNTs was analyzed by Imtani and Jindal.[23,24] Following
graphene, a large number of other 2D nanomaterials[25] were dis-
covered and studied, and, as it turned out, 2D materials very often
exhibit NTE. This has been demonstrated for graphene,[26,27]

graphyne,[28] 2D nitrides,[29] arsenene and antimonene,[30] transi-
tion metal dichalcogenides,[31,32] phosphorene,[33–35] and layered
van der Waals structures.[36] Using the molecular dynamics
method, it was shown that origami structures made of graphene
can have both positive and negative thermal expansion coeffi-
cients, depending on the structure.[37]

First-principles simulations showed that the NTE in 2D mate-
rials is determined by the out-of-plane ZA phonon modes, which
have a negative Grüneisen parameter.[28] Out-of-plane bending of
membrane-like materials results in in-plane shrinkage as the tem-
perature rises.[27,38–40] Single-layer graphene can demonstrate
NTE at temperatures above 2300 K due to the high-frequency opti-
cal ZOmode with a small negative Grüneisen parameter.[27,38] The
effect of doping with B and N on the NTE of graphene was
considered in a first-principles study.[41] It was shown that pure
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A bundle of aligned carbon nanotubes (CNTs) under lateral loading and heating is
considered under plane strain conditions within the framework of a molecular
dynamics model with a reduced number of degrees of freedom. Bundles of CNTs
of sufficiently large diameter exhibit negative lateral thermal expansion. The
coefficient of thermal expansion is practically constant up to a temperature of
1500 K and practically does not depend on biaxial lateral compression up to a
volumetric compressive strain of 0.06. This anomalous behavior is explained by
the two mechanisms: elliptization of the CNT cross section and bending of the
CNT walls by thermal fluctuations. Elliptization leads to a decrease in the cross-
sectional area of the CNT, and the bending of the CNT wall leads to a decrease in
the effective diameter of the CNT. A bundle with CNTs of the largest investigated
diameter demonstrates a large negative coefficient of linear thermal expansion,
α � �10�4 K�1, which is weakly dependent on temperature.
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graphene exhibits NTE over the entire investigated temperature
range (up to 1000 K) and that doping increases the negativity of
the Grüneisen parameter. The implicit frequency shift was calcu-
lated for different modes in a pure graphene sheet using the
first-principles approach,[42] and it was shown that the frequency
shift is large negative for the ZA and ZO modes, and the nega-
tiveness of the shift increases with increasing temperature.

The deposition of a thin aluminum film on highly aligned CNT
microcantilevers reinforced with ceramic interlocking allows the
formation of bimaterial actuators.[43] It was confirmed experimen-
tally that individual CNTs have a negative radial CTE.[44,45] Due to
the van der Waals forces, CNTs can form aligned arrays called
bundles.[46–49] They have excellent mechanical properties and
can be used to make super-strong yarns and ropes.[50–52] A linear
relationship was demonstrated between the axial strength of CNT
bundles and the length distribution of CNTs.[53]

It is interesting to study CNT bundles under lateral loading,
when they can be analyzed under plane strain conditions. To effec-
tively solve these problems, the model of a chain moving on a
plane[54–57] was modified to analyze the mechanical response of
the CNT bundle cross section subjected to transverse loading
and heating.[58–61]

In this work, using molecular dynamics within the framework
of the model of a chain moving on a plane, we calculate the
dependence of pressure on temperature in a CNT bundle
subjected to biaxial compression. It was unexpectedly found that
at a constant volume, the pressure decreases with increasing
temperature, which means negative thermal expansion of the
CNT bundle.

2. Simulation Details

In this work, single-walled zigzag CNTs of the same diameter are
considered under plane strain conditions, which means that the
axial deformation of CNTs is equal to zero and the problem
becomes 2D. The axial deformation of CNTs can be neglected
in our simulations because the most important contribution
to the observed effects comes from CNT wall bending rather than
from its circumferential and axial strain. The latter ones are
much smaller because the bending stiffness of CNT wall is
orders of magnitude smaller than the tensile stiffness.
Graphene is elastically isotropic; at not very large bending, its
bending stiffness weakly depends on the bending direction
and therefore on CNT chirality. CNT cross sections create in
the x, y plane a densely packed structure, as shown in
Figure 1. Periodic boundary conditions are applied in two direc-
tions. Computational cell contains 12 rows of CNTs along y axis
and 10 CNTs along x. Total number of CNTs is 120.

The interatomic distance in the CNT wall is ρ¼ 1.418 Å. Then
the distance between the nearest carbon atoms, in projection
onto the x, y plane, is equal to a ¼ ρ

ffiffiffi
3

p
=2. CNT cross section

is presented by an even number of carbon atoms Nc. Each atom
is a member of a rigid atomic chain normal to the x, y plane. CNT
diameter is D ¼ a= sinðπ=NcÞ. For Nc much greater than π,
D ¼ aNc=π. The equilibrium distance between the walls of
neighboring CNTs, d, is found as a result of structure relaxation
at zero temperature. The distance between the centers of neigh-
boring CNTs is A ¼ Dþ d.

To study the effect of CNT diameter, we consider the bundles
of CNTs withNc ¼ 18, 30, 42, 54, 66, and 72. In Figure 1, a part of
the computational cell is shown for the case of Nc ¼ 54. Total
number of atoms in the computational cell is L ¼ 120Nc.
Table 1 shows the initial parameters of the CNTs and computa-
tional cells: CNT diameter, distance between the centers of
CNTs, and the total number of atoms.

The total energy of the system is described by the
Hamiltonian, which includes four terms

H ¼ K þ EB þ EA þ EvdW (1)

here K is the kinetic energy; EB and EA give the energy of valence
bonds and valence angles, respectively. The EvdW term describes
the energy of van der Waals interactions. A detailed formulation
of the model and description of the model parameters can be
found in the work.[59] The model has been successfully used
to describe structure and peculiar mechanical properties of
CNT bundles and other carbon 2D materials. In particular, it
was used to model folded and scrolled configurations of gra-
phene nanoribbons,[54,56] dynamics of surface ripplocations[55]

Figure 1. Geometry of the CNT bundle under plain strain conditions.
CNTs have zigzag chirality (m,0). CNT cross sections create a close packed
molecular crystal. Each carbon atom represents a rigid chain of atoms nor-
mal to the x, y plane. Atoms moving on the x, y plane have two degrees of
freedom. Two sets of chains shifted with respect to each other along z axis
are plotted by smaller and larger dots. Distance between nearest chains is
a, distance between walls of nearest CNTs is d, CNT diameter is D, and the
distance between centers of neighboring CNTs is A ¼ d þ D.

Table 1. Geometrical parameters of the CNTs and computational cells
used in simulations.

Number of atoms in CNT cross section, Nc 18 30 42 54 66 78

CNT diameter, D [Å] 7.07 11.7 16.4 21.1 25.8 30.5

Distance between CNT centers, A [Å] 10.15 14.83 19.5 24.2 25.8 33.57

Total number of atoms, L 2160 3600 5040 6480 7920 9360
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and rotobreathers,[62] graphene winding around carbon nano-
tube,[57] mechanical response of CNT bundle to lateral compres-
sion,[58,59,61] damping properties of CNT bundles,[60] partial
auxeticity of laterally compressed CNT bundles,[63] and natural
bending frequencies of CNTs.[64] The calculated natural frequen-
cies are in a good agreement with the experimental data.[65] Full-
atomic modeling has confirmed that the chain model correctly
reproduces natural frequencies of bending oscillations of
CNTs, scrolls and folds of graphene nanoribbons, and shows
good results in solving other problems where bending is the
main deformation mode.[54–56]

The Euler–Lagrange equations of motion can be derived from
the Hamiltonian (1) using the Hamilton’s principle. The equa-
tions of motion are integrated with the use of the Störmer
method of order six with the time step of 0.1 fs.

The simulation included the following steps: 1) a simulation
cell with idealized structure composed of circular CNT cross sec-
tions is created, as shown in Figure 1; 2) the structure is then
relaxed at zero temperature and zero pressure; 3) the relaxed
structure is subjected to biaxial compression, εxx ¼ εyy, at four
values of volumetric deformation θ ¼ εxx þ εyy ¼ 0.0, �0.02,
�0.04, and �0.06; and (4) at the last step, a temperature is
applied to the compressed structure at a rate of 7.5 K ps�1.
This heating rate is slow enough that a further decrease in
the heating rate does not appreciably affect the results. During
heating, the volume and shape of the computational cell do
not change.

The mechanical properties of CNT bundles considered here
are given in the study by Korznikova et al.[63] In particular, for
the case of CNT with 30 carbon atoms in its cross section,
Young’s and shear moduli are 110 and 30MPa, respectively,
and Poisson’s ratio is 0.83.

3. Numerical Results

Calculations are performed for six structures with different CNT
diameters and for four values of the volumetric compressive
strain jθj. For each case, the dependence of pressure on tempera-
ture is calculated in the range T ≤ 1500K and shown in Figure 2.
For CNTs of smallest diameter, Nc ¼ 18, shown in Figure 2a,
pressure increases with temperature up to T¼ 500 K and then
remains nearly constant. An increase in the compressive strain
value leads to an increase in pressure. In the case of Nc ¼ 30,
shown in Figure 2b, the pressure also increases with increasing
jθj, but it decreases with temperature, and this decrease occurs
faster at higher values of biaxial compression. Note that the
decrease in pressure with temperature observed in our simula-
tions at constant volumemeans that the CNT bundle exhibits neg-
ative thermal expansion. For the largest investigated CNT
diameter, see panel Figure 2f, pðTÞ becomes practically indepen-
dent of the magnitude of the compressive strain, and negative
CTE is observed over the entire investigated temperature range.
It can also be seen from Figure 2f that for nonzero values of jθj,
the pressure drops with temperature very quickly in the interval
T < 50K, and then decreases almost linearly with a rate practi-
cally independent of jθj. For intermediate values of the CNT
diameter, see Figure 2, panels (c)–(e), for small jθj pressure
decreases linearly with temperature and increases with increasing

jθj. However, for larger jθj, at the beginning of heating, a rapid
drop in pressure is observed and the dependence of the pðtÞ curve
on jθj disappears. All these features of the pðTÞ curves will
become clear after analyzing the structural transformations in
CNT bundles of different diameters.

Let us describe in detail the structure of the CNT bundle in the
case Nc ¼ 54 (D ¼ 21.1Å), see Figure 2d, because in this case
the pðTÞ curves for jθj ¼ 0.0 and 0.02 qualitatively differ from
the curves for jθj ¼ 0.04 and 0.06. In the first case, p decreases
linearly with increasing T, and the curve for jθj ¼ 0.0 lies below
the curve corresponding to jθj ¼ 0.02, while in the second case,
at the beginning of heating, one can see a rapid decrease in p and
the dependence on jθj disappears.

The rapid decrease in some of the pðTÞ curves at the begin-
ning of heating (see Figure 2) is due to the elliptization of CNTs.
The CNT cross section can be characterized by the degree of
ellipticity, which can be defined as the ratio of the minimum
diameter of the CNT to the maximum diameter, Dmin=Dmax.
In Figure 3, for the case of Nc ¼ 54, time evolution of the histo-
gram of the CNT ellipticity is shown for the CNT bundle under
volumetric compressive strain jθj equal to (a) 0.0, (b) 0.02, (c)
0.04, and (d) 0.06. The ordinate shows the number of CNTs,
n, with a certain ratio Dmin=Dmax (note that there are 120
CNTs in the computational cell). Curves of different colors rep-
resent histograms at times from 1 to 7 ps with a step of 1 ps.
Recall that the heating rate is 7.5 K ps�1, so that at t ¼ 7 ps
the temperature reaches 52.5 K.

(a) (b)

(c) (d)

(e) (f)

Figure 2. Pressure versus temperature plots for different degrees of volu-
metric deformation at different CNT diameters.
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As follows from Figure 3, for jθj ¼ 0.0 and 0.02 histograms
do not change over time and have single maximum near
Dmin=Dmax ¼ 1, see (a) and (b). This means that at low values
of the compressive strain, the cross sections of CNTs remain
almost circular. The situation is qualitatively different for
jθj ≥ 0.04, see (c) and (d). Structures with circular CNTs
become unstable and elliptization of CNTs takes place. By
the time t ¼ 52.5 ps, the structure transformation is complete,
and the maximum of the Dmin=Dmax histogram shifts to about
0.8 in (c) and 0.7 in (d). During this structure transformation a
fast drop of pressure is observed in Figure 2d for jθj ¼ 0.04 and
0.06. Pressure in the CNT bundles composed of CNTs with
noncircular cross sections is practically independent on the
volumetric compressive strain, as it was reported in the
work.[59,60] For this reason, the pðTÞ curves in structures with
noncircular CNTs are independent of jθj (see Figure 2f ).

Structure of the bundle composed of CNTs with Nc ¼ 54 at
different values of compressive strain jθj and different temper-
atures can be seen in Figure 4. From the first column of Figure 4,
which corresponds to T ¼ 50K, it is clearly seen that at jθj ¼ 0.0
and 0.02 CNTs have nearly circular cross sections but for jθj ¼
0.04 and 0.06 CNTs are elliptic. As the temperature rises, the
structures become less regular, and this tendency is more pro-
nounced for greater compressive strain jθj.

As mentioned in Section 1, the in-plane NTE of 2D materials
is explained by lateral thermal fluctuations (excitation of phonon
ZA modes), which lead to in-plane shrinkage.[27,28,38–40] This
mechanism should also work for CNT bundles due to a decrease
in the effective diameter of CNTs owing to bending of the CNT
walls due to thermal fluctuations. To test this assumption, the
average CNT diameter is calculated as follows

Dh i ¼ 2
JNc

XJ

j

XNc=2

n

ðjr j,n � r j,nþNc=2jÞ (2)

where the averaging is performed over all J CNTs in the compu-
tational cell and over half of the atoms in each CNT cross section.

In Figure 5, the temperature dependence of the averaged
diameter of CNTs in the bundle with Nc ¼ 54 is shown for four
values of compressive strain (indicated for each curve). The aver-
aged CNT diameter is normalized to the equilibrium diameter
D0 ¼ 21.03 Å. This result confirms that the average diameter
of CNTs decreases with temperature, explaining the observed
NTE effect.

Elliptization of CNT cross sections upon heating and/or biax-
ial compression can be another mechanism for NTE. To dem-
onstrate this, we calculate the cross-sectional area of circular
and elliptic CNTs under the condition that their perimeters
are equal, which is ensured by the high tensile stiffness of
the CNT wall. A circular cross section of radius R has an area
Sc ¼ πR2 and an elliptic cross section has an area Se ¼ πab,
where a and b are the major and minor axes, respectively.
Perimeter of the circle is Cc ¼ 2πR and the perimeter of the
ellipse can be calculated with the use of the Ramanujan’s
approximate formula Ce ¼ π½3ðaþ bÞ � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið3aþ bÞðaþ 3bÞp �.
This formula is very accurate for ellipses with not too large
eccentricity. From the condition Cc ¼ Ce one finds

(a) (b)

(c) (d)

Figure 3. a–d) Time evolution of the histogram of the CNT elliptization
parameter Dmin=Dmax in a CNT bundle with Nc ¼ 54 for biaxial volumetric
compressive strain jθj equal to 0.0 (a), 0.02 (b), 0.04 (c), and 0.06 (d). The
ordinate shows the number of CNTs, n, with a certain ratio Dmin=Dmax

(note that there are 120 CNTs in the computational cell). Curves of differ-
ent colors, as shown in (a), give results at times from 1 to 7 ps with a step
of 1 ps.

Figure 4. Structure of the bundle composed of CNTs with Nc ¼ 54 at dif-
ferent values of compressive strain jθj and different temperatures.
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b ¼ � 2
3
aþ Rþ 1

3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3R2 þ 6aR� 5a2

p
(3)

and using this expression, we find the ratio of the area of the
ellipse to the area of the circle

Se
Sc

¼ � 2
3
ξ2 þ ξþ 1

3
ξ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3þ 6ξ� 5ξ2

p
, ξ ¼ a

R
≥ 1 (4)

The inset of Figure 5 shows the ratio Se=Sc as a function of the
ratio a=R (see Equation (4)). It can be seen that the elliptization of
CNTs leads to a decrease in the cross-sectional area. This means
that the elliptization of CNTs contributes to the effect of NTE.

Finally, we estimate the CTE for the case Nc ¼ 78 (D ¼ 30.5 Å)
and jθj ¼ 0.0 at two temperatures: T ¼ 500 and 1000 K. For this
purpose, we maintain a constant temperature and gradually
increase the compressive strain until the negative pressure reaches
zero. It is found that at T ¼ 500K the pressure becomes zero at
εxx ¼ εyy ¼ �0.044 and for T ¼ 1000K at εxx ¼ εyy ¼ �0.097.
Therefore, it turns out that the coefficient of linear thermal expan-
sion at T ¼ 500K is equal to α ¼ �8.8� 10�5 1 K�1 and at
T ¼ 1000 K is equal to α ¼ �9.7� 10�5 1 K�1. We conclude that
the CNT bundle exhibits a strongly negative CTE, which is weakly
dependent on temperature.

4. Discussion and Conclusions

The pressure–temperature curves were calculated for CNT bun-
dles considered under plane strain conditions at constant volume
using the molecular dynamics method based on a chain model
with a reduced number of degrees of freedom. The influence of
the CNT diameter (7.07 ≤ D ≤ 30.5Å) and biaxial compressive
strain (0 ≤ jθj ≤ 0.06) on the pðTÞ curves was analyzed within
the temperature range 0 ≤ T ≤ 1500K.

It was found that in the bundles of CNTs of relatively small diam-
eter, Nc ≤ 30 (D ≤ 11.7 Å), pressure increases with compressive
strain, while in the case of CNTs of large diameter, Nc ¼ 78
(D ¼ 30.5 Å), curves pðTÞ are independent of biaxial compressive
strain. Small diameter CNTs under moderate biaxial compression
retain an almost circular cross sections, but large diameter CNTs
under biaxial compression acquire elliptic cross sections, for which,
as demonstrated in previous studies,[59,60] volumetric compression
occurs at almost constant pressure.

In CNT bundles with CNT diameter D ≥ 16.4Å, the pressure
decreases with increasing temperature at a constant volume (see
Figure 2), which means a negative CTE value. CNTs of small
diameter have a positive or nearly zero CTE.

The negative CTE can be realized through two mechanisms.
First is the bending of the CNT walls by thermal vibrations,
which effectively reduce the CNT diameter (see Figure 5).
This is similar to the in-plane shrinkage effect of 2D materials
due to thermally induced out-of-plane displacements.[27,38–40]

Second is CNT elliptization, which leads to the reduction of
the CNT cross-sectional area (see the inset of Figure 5). For
CNTs of small diameter, these effects are small because of their
high bending stiffness.

The estimation of CTE for the case of D ¼ 30.5Å gave rather
large negative values α ¼ �8.8� 10�5 K�1 for T ¼ 500K and
�9.7� 10�5 K�1 for T ¼ 1000K. Dependence of α on tempera-
ture is weak. Note that a large positive CTE value was observed
when simulating the winding of a graphene nanoribbon around
CNT,[57] and large negative and positive CTE values can be
achieved by changing the structure of the graphene origami.[37]

The large negative coefficient of thermal expansion of CNT
bundles, which weakly depends on temperature, makes it possi-
ble to propose their use for the development of temperature sen-
sors operating in a wide temperature range.

The geometry of CNTs strongly affects the thermomechanical
properties of materials based on them;[66] therefore, in future
studies, the CTE will be calculated for beams of multiwalled
CNTs. Nanotubes can be formed from a variety of 2D materi-
als,[67,68] and it would be interesting to develop a chain model
suitable for modeling them under plane deformation conditions,
which is also included in the future work plan. The influence of
surface functional groups or impurities should be considered in
future studies because they can significantly affect the thermo-
mechanical properties of CNT bundles.[41]
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Figure 5. Dependence of the average diameter of CNTs on temperature
for a bundle consisting of CNTs with Nc ¼ 54 at different values of com-
pressive strain jθj. The averaged CNT diameter is normalized to the equi-
librium diameter D0 ¼ 21.03 Å. The inset shows the ratio of the areas of
the elliptical cross section to the circular cross section of CNTs depending
on the ratio a=R, which characterizes the degree of elliptization.
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