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A B S T R A C T

A single-walled carbon nanotube (CNT) bundle under shock loading in lateral direction is studied by means of
the chain model with reduced number of degrees of freedom. One or two compressive shock waves are initiated
by a piston moving at a constant speed 𝑉0. At lower piston speeds, only the faster wave front resulting in an
elliptization of CNTs propagates, while at higher speeds this is followed by the slower wave front resulting
in CNT collapse. Time evolution of the CNT bundle structure during compression is investigated in detail.
Energy absorption rate 𝑊 as a function of the piston speed 𝑉0 is evaluated for bundles having CNTs of
different diameter 𝐷. Bundles with smaller CNT diameter demonstrate a higher energy absorption rate scaling
as 𝑊 ∼ 𝐷−3. The rate of energy absorption increases bilinearly with 𝑉0, and in the regime of CNT collapse
the slope of the line is twice as high as in the case when only elliptization takes place. The obtained results
can be useful for the development of new types of elastic dampers.
. Introduction

Carbon nanotubes (CNTs) have excellent mechanical properties
uch as high Young’s modulus (Treacy et al., 1996), very high strength,
nd ability to absorb energy (Wong et al., 1997). CNTs are transpar-
nt (Hecht et al., 2011) and good conductors of electricity (Hecht et al.,
011; Popov, 2004; Katin et al., 2020) and heat (Li and Mu, 2019;
iercuk et al., 2002). The unique combination of properties makes
NTs very promising for the production of polymer composites with
nhanced electrical and mechanical properties (Li et al., 2019; Chawla
nd Sharma, 2017), supercapacitors (Chen et al., 2017; Afzal et al.,
017), flexible and stretchable electronic devises (Hecht et al., 2011;
ang et al., 2018), composite materials (Yankovskaya and Zakharov,

021) and many others (Prudkovskiy et al., 2018; Yu et al., 2000).
Arrays of horizontally aligned CNTs can be produced from as grown

ertically aligned CNT bundles by shear pressing, drawing and rolling
ethods (Islam et al., 2019; Zhang et al., 2017; Nam et al., 2015;
iu et al., 2016). At the same time, it is almost impossible to obtain
erfectly aligned CNT bundles, and therefore CNT networks consisting
f entangled dendritic bundles are modeled and experimentally stud-
ed (Drozdov et al., 2020; Xu et al., 2021; Grebenko et al., 2022).
ingle-walled CNT bundles are linear elastic up to 1.5 GPa hydrostatic
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E-mail addresses: elena.a.korznikova@gmail.com (E.A. Korznikova), dmitriev.sergey.v@gmail.com (S.V. Dmitriev).

pressure at room temperature and demonstrate the volume compress-
ibility of 0.024 GPa−1 (Tang et al., 2000). It has been shown that the
deformation of CNT bundles under non-hydrostatic loading becomes
irreversible for pressures above 5 GPa (Karmakar et al., 2003). The
results of experimental and numerical studies on mechanical properties
of CNTs have been summarized in the work (Qian et al., 2002). Lateral
quasi-static compression of CNTs and graphene has been analyzed,
e.g., in Refs. Silva-Santos et al. (2019), Tangney et al. (2005), Zhang
et al. (2006), Shima and Sato (2008), Zhao et al. (2012) and Baimova
et al. (2012).

The mechanical properties of graphene sheets and CNTs have been
investigated under quasi-static conditions, but their behavior under
extreme dynamic loading has been studied much less. Below is a brief
overview of some experimental and theoretical works devoted to the
dynamical response of carbon nanomaterials.

From miniaturized ballistic tests at 600 m/s it is known that the
specific penetration energy for multilayer graphene is about 10 times
higher than that for macroscopic steel sheets (Lee et al., 2014). Me-
chanical behavior of graphene under the impact of silica and the nickel
nanoprojectiles moving with the velocity of 5 km/s was modeled, and a
large amount of energy absorbed during the deformation was attributed
vailable online 10 September 2022
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to the superior ultimate stress and strain of graphene (Yoon et al.,
2016).

Molecular dynamics simulations of the impact of one, two and three
layers of graphene with a fullerene rigid projectile was performed for
the impact velocity in the range of 3.5 to 7.5 km/s (Haque et al., 2016).
Initiation of two to three in-plane cracks in the graphene sheet was
detected. The impact dynamics of a fullerene molecule and a single-
layered graphene sheet was examined with the use of an analytical
approach based on nonlocal theory of thin plates and molecular dy-
namics (Hosseini-Hashemi et al., 2018). The ability of a suspended
graphene sheet to capture a projectile in the form of a single-walled
carbon nanotube was analyzed by Yang and Tong in Ref. Yang and
Tong (2016). In particular, it was demonstrated that the projectile
induces longitudinal and transverse wave fronts in graphene. As a result
of such impact, graphene absorbs 89–100% of the projectile’s kinetic
energy. The latter means that graphene can effectively trap high-speed
nanoparticles or molecules. In-plane shock waves in graphene and
boron nitride were analyzed by Shepelev et al. (2020). The authors
showed that the shock waves propagate longer distances in boron
nitride as compared to graphene and associated with the scattering of
the excitation energy by lattice phonons.

In works devoted to the dynamical loading of two-dimensional
materials, a significant effect of the strain rate has been revealed. For
example, in the experimental work (Noël et al., 2014), it was shown
that CNTs under compression by a shock wave are damaged much more
heavily than under static compression. Graphene can absorb the energy
of shock waves without failure (Lahiri et al., 2012) or it can act as an
interlayer reflecting shock waves (Liu et al., 2014). Structure evolution
of nanoscrolls, fullerenes and nanotubes during a collision with an
obstacle was analyzed in Refs. Yang and Tong (2016), Woellner et al.
(2018) and Hosseini-Hashemi et al. (2018). A study of the Ni projectile
penetration into a few-layered graphene for an impact velocity of
900 m/s was performed in Ref. Bizao et al. (2018) with subsequent
comparison with experimental data. The addition of CNTs to the Kevlar
fabric results in an increase of the resistance of epoxy composites to
penetration of steel projectiles (Randjbaran et al., 2020).

Composite materials reinforced with CNTs are very effective in
absorbing the energy of shock waves and vibrations (Park et al., 2020;
El Moumen et al., 2019; Abdullah et al., 2019; Kim et al., 2021; Vinyas
et al., 2021), as well as protecting against thermal shocks (Liu et al.,
2020; Pourasghar and Chen, 2022; Alibeigloo, 2018).

Efficient modeling of CNT-based structures requires the develop-
ment of new computational approaches in addition to the classical
molecular dynamics method. Mesoscopic modeling has been applied to
the study of deformation mechanisms of CNT forest (Wittmaack et al.,
2019, 2018). Large deformations of CNTs can be described using a
continuum beam and thin shell theories (Yakobson et al., 1996; Rafii-
Tabar et al., 2016; Harik, 2001). The mechanical properties of CNTs
under transverse loads were studied in Ref. Saether et al. (2003). The
mechanical properties and failure of the CNT bundles were modeled
using the nonlinear coarse-grained stretching and bending potentials (Ji
et al., 2019).

It is known that CNTs, the diameter of which exceeds the threshold
value 𝐷𝑐 , can have either a circular or collapsed cross section, and the
stability of the latter is ensured by the van der Waals forces (Impel-
lizzeri et al., 2019; Chopra et al., 1995; Chang, 2008; Maslov et al.,
2020). It was shown that the critical diameter of an individual CNT
differs from the critical diameter of CNTs in a bundle (Onuoha et al.,
2020). In particular, for the single-, double-, and triple-walled CNTs,
the authors report values of 34, 48, and 60 Å. In the paper (Drozdov
et al., 2019) energetically preferable packings of collapsed CNTs were
found.

In contrast to dense materials, CNT bundles can demonstrate very
high compressibility in the elastic region and therefore can be used as
a protection material against shocks and vibrations (Evazzade et al.,
2018; Cao et al., 2005; Rysaeva et al., 2020b). In this work, we analyze
2

Fig. 1. Computational cell with 𝐼×𝐽 CNTs (𝐼 = 4 and 𝐽 = 2 in this case, while 𝐼 = 200,
𝐽 = 8 is used in the simulations). Each zigzag CNT is represented by 𝑁 carbon atoms
that move along the 𝑥𝑦 plane. The case of 𝑁 = 30 is shown. Each atom stands for
a rigid row of atoms perpendicular to the 𝑥𝑦 plane. Small and large circles show the
two types of the rigid rows shifted one with respect to another along the 𝑧-axis. Here
𝑎 denotes the distance between carbon atoms in the wall of a CNT, neighboring CNTs
are separated by a distance 𝑑, 𝐷 is CNT diameter and 𝐴 = 𝐷 + 𝑑 is the distance
between centers of neighboring CNTs. Indices 𝑝, 𝑞, 𝑠, 𝑓 , and 𝑓 ′ are used to describe
the interactions between atoms (see description in the text).

a single-walled CNT bundle subjected to high-speed lateral compression
in order to reveal its ability to absorb an impact energy. The chain
model with reduced number of degrees of freedom proposed by Savin
and co-authors (Savin et al., 2015a) and modified for the CNT bundle
in Ref. Korznikova et al. (2019) is employed. The efficiency of the
chain model in modeling secondary 𝑠𝑝2-carbon structures has been
verified in a number of publications (Savin et al., 2015a; Korznikova
et al., 2019; Abdullina et al., 2020; Rysaeva et al., 2020a; Savin et al.,
2015b; Galiakhmetova et al., 2022; Savin et al., 2017; Korznikova et al.,
2022a; Savin et al., 2019; Korznikova et al., 2022b). Our model neglects
several very important structural peculiarities of real CNT bundles such
as CNT entanglement, dispersion of their diameters and existence of
multi-walled CNTs. The aim of our study was to show the possibility of
energy absorption by the CNT bundles and for the first study we have
chosen the simplest possible model.

In Section 2 we describe the computational model and in Section 3
the simulation setup. Simulation results are presented in Section 4 and
conclusions are drown in Section 5.

2. Model

Dynamic uniaxial compression of the zigzag CNT bundle is con-
sidered under plane strain condition. Cross-sections of CNTs create
a triangular lattice in the 𝑥𝑦 plane (see Fig. 1). Each carbon atom
belonging to the cross section of a CNT is a member of a rigid chain of
atoms perpendicular to the 𝑥𝑦 plane. 𝜌 is the equilibrium interatomic
distance in the zigzag CNT wall. 𝑎 = 𝜌

√

3∕2 is the distance between
neighboring atoms in projection onto the 𝑥𝑦 plane. The number of
atoms in the cross section of a CNT is equal to an even number 𝑁 .
Small and large circles in Fig. 1 denote the two sets of the atomic chains
shifted one with respect to another along the 𝑧-axis by a distance of
𝜌∕2. CNT diameter is 𝐷 = 𝑎∕ sin(𝜋∕𝑁). 𝑑 is the equilibrium distance
between the walls of neighboring CNTs. Then 𝐴 = 𝐷+𝑑 is the distance
between the centers of neighboring CNTs. In the considered geometry,
the carbon atoms have two degrees of freedom and can move on the
𝑥𝑦 plane only.

Atoms in the computational cell are numbered by three indices:
𝑖 = 1,… , 𝐼 and 𝑗 = 1,… , 𝐽 are the indices of a CNT in a bundle, they
number CNT rows and columns; the index 𝑛 = 1,… , 𝑁 numbers atoms
within a CNT. Total number of atoms in the cell is 𝐿 = 𝐼 × 𝐽 ×𝑁 .
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The Hamiltonian (total energy) of the CNT bundle includes four
terms (Savin et al., 2015a; Korznikova et al., 2019) and can be written
as

𝐻 = 𝐾 + 𝑈B + 𝑈A + 𝑈VdW, (1)

where 𝐾 is the kinetic energy and the other three terms in the right-
hand side give the potential energy, which consists of the energy of
valence bonds 𝑈𝐵 , the energy of valence angles 𝑈𝐴, and the energy of
van der Waals interactions 𝑈VdW. All these four terms are described
in Ref. Korznikova et al. (2019) and we describe them here for the
convenience of the reader. In Fig. 1, indices 𝑝, 𝑞, and 𝑠 number nearest
atoms of a CNT, 𝑓 is the atom belonging to a different CNT. Atoms 𝑞
and 𝑓 ′ belong to the same CNT, but the distance between them is not
less than 3𝑎. Then the energies in the right-hand side of Eq. (1) are
calculated as follows.

Kinetic energy is

𝐾 = 𝑀
2

𝐿
∑

𝑙=1
|�̇�𝑙|2, (2)

where 𝑀 is the carbon atom mass, 𝐫𝑙 is the radius-vector of 𝑙th atom,
overdot means differentiation with respect to time, and summation is
performed over all atoms in the system.

The energy of valence bonds is

𝑈B =
𝐼
∑

𝑖=1

𝐽
∑

𝑗=1

𝑁
∑

𝑞=1

𝛼
2
(|𝐫𝑖,𝑗,𝑞 − 𝐫𝑖,𝑗,𝑠| − 𝑎)2, (3)

which is summation over the bonds connecting nearest atoms (see
Fig. 1) and the number of such bonds is equal to the number of atoms
in the computational cell. In Eq. (3), 𝛼 is the valence bond stiffness.

The energy of valence angles is given by the anharmonic potential

𝑈A =
𝐼
∑

𝑖=1

𝐽
∑

𝑗=1

𝑁
∑

𝑞=1
𝜖[1 + cos 𝜃𝑝𝑞𝑠],

cos 𝜃𝑝𝑞𝑠 =
(𝐫𝑖,𝑗,𝑞 − 𝐫𝑖,𝑗,𝑝, 𝐫𝑖,𝑗,𝑠 − 𝐫𝑖,𝑗,𝑞)
|𝐫𝑖,𝑗,𝑞 − 𝐫𝑖,𝑗,𝑝 ∥ 𝐫𝑖,𝑗,𝑠 − 𝐫𝑖,𝑗,𝑞|

, (4)

where summation is over the valence angles formed by the atoms 𝑝, 𝑞,
and 𝑠 (see Fig. 1), and the number of such angles is equal to the number
of atoms in the computational cell.

The energy of van der Waals interactions is described by the (5,11)
Lennard-Jones potential

𝑈VdW = 1
2

𝑁
∑

𝑞,𝑓=1; 𝑞≠𝑓

𝜀
6

[

5
( 𝜎
|𝐫𝑞 − 𝐫𝑓 |

)11
− 11

( 𝜎
|𝐫𝑞 − 𝐫𝑓 |

)5]
. (5)

Here summation is over all interatomic bonds connecting atoms 𝑞 and 𝑓
belonging to different CNTs and atoms 𝑠 and 𝑓 ′ belonging to the same
CNT (see Fig. 1). The cut-off radius for the van der Waals interactions
is 6 Å. As it was already mentioned, the bonds shorter than 3𝑎 are not
taken into account for the atoms 𝑠 and 𝑓 ′ belonging to the same CNT.

The equations of motion are derived from the Hamiltonian Eq. (1)
using the Hamilton’s principle. The result reads

𝑀 �̈�𝑙 = −
𝜕𝑈B
𝜕𝐫𝑙

−
𝜕𝑈A
𝜕𝐫𝑙

−
𝜕𝑈VdW
𝜕𝐫𝑙

, (6)

where index 𝑙 = 1,… , 𝐿 numbers atoms of the computational cell,
𝐿 = 𝐼𝐽𝑁 .

The units of time, energy and distance in our simulations are pi-
coseconds, electron volt, and angstrom, respectively. In these units the
mass of carbon atom in Eq. (2) is 𝑀 = 12×1.0364×10−4 eVps2/Å2. The
valence bond stiffness in Eq. (3) is 𝛼 = 405 N/m (Savin et al., 2015a),
which in the units adopted here gives 𝛼 = 25.279 eV/Å2. Valence angle
stiffness in Eq. (4) is 𝜖 = 3.50 eV (Savin et al., 2015a). Parameters of
Eq. (5) are 𝜀 = 0.00166 eV and 𝜎 = 3.61 Å (Savin et al., 2015a).

The accuracy of the chain model described above has been eval-
uated in previous studies in comparison to full atomic simulations.
The work (Savin et al., 2015a) analyzed the scroll configurations of
3

Fig. 2. Computational cell with dimensions 𝐷𝑥 and 𝐷𝑦 used for simulation of shock
loading. The cell includes 200 vertical rows of CNTs and 8 CNTs in each row. Vertical
rows are numbered by the index 𝑖 = 1,… , 200. CNTs are parallel to the 𝑧-axis and their
lateral compression is considered under plane strain conditions. CNT centers create a
triangular lattice in the 𝑥𝑦 plane. Periodic boundary conditions are applied along the
𝑦-axis. Free surface is at the left side of the computational cell. The vertical row at the
right end of the cell (𝑖 = 200) at the initial moment of time 𝑡 = 0 starts to move to the
left with the constant velocity of 𝑉0 as the rigid body (shown by filled circles).

Fig. 3. Dependence of the speed of the first and second compressive wave fronts, 𝑉1
and 𝑉2, on the piston speed 𝑉0 for different CNT diameters (different numbers of atoms
𝑁 in CNT cross section). The wave propagating with the speed 𝑉1 changes the CNT
cross sections from circular to elliptic and behind the wave propagating with speed 𝑉2
CNTs are collapsed. The dashed line shows the linear relationship between 𝑉2 and 𝑉0
and is guide for the eye.

carbon nanoribbons and demonstrated very good agreement between
the full atomic and reduced models when simulating the radial ther-
mal expansion of scrolls. Similarly, good agreement between the two
models was demonstrated in modeling the dynamics of ripplocations
formed by graphene nanoribbons on a graphite substrate (Savin et al.,
2019). The accuracy of the chain model is high when the deformation
of nanoribbons or CNTs is close to plane strain conditions. On the other
hand, the chain model is inapplicable, for example, to modeling CNT
bundles with entangled CNTs, since in this case the assumption of plane
strain is not satisfied.

The parameters of the chain model were chosen to reproduce acous-
tic longitudinal (LA) and transverse (ZA) phonon dispersion curves
in the long-wavelength region (Savin et al., 2015a). The rigidity of
valence bonds and bond angles corresponds to the rigidity of graphene
in tension and bending, and van der Waals interactions reproduce well
the interaction between graphite layers (Savin et al., 2015a). It was
shown that the chain model reproduces well the frequencies of CNT
bending vibrations (Dmitriev et al., 2020; Dmitriev and Ilgamov, 2021).

3. Simulation setup

In this study, dynamical uniaxial compressive loading of CNT bun-
dles is analyzed under plane strain conditions as schematically shown
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Fig. 4. Evolution of the CNT bundle structure in time when compressed by a piston moving at a relatively low speed 𝑉0 = 3 Å/ps: (a) 𝑡 = 10 ps, (b) 20 ps, (c) 30 ps, (d) 40 ps.
In this case 𝑁 = 40. The vertical blue lines indicate the elliptization wave front in the CNT structure. For the convenience of visual perception, the computational cell is divided
into five sections, which are located one below the other. The piston is at the lower section on the right (shown by filled CNTs), and the shock wave propagates from the bottom
into the top sections of the cell. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)
in Fig. 2. The computational cell includes 200 vertical rows of CNTs
numbered by the index 𝑖 = 1,… , 200 and each row includes eight
CNTs numbered by the index 𝑗 = 1,… , 8. Periodic boundary conditions
are applied in 𝑦 direction. This structure is initially relaxed at zero
temperature under the assumption that there are free surfaces at the
left and right ends of the computational cell and no external forces are
applied. Thus, the equilibrium cell sizes, i.e. 𝐷𝑥 and 𝐷𝑦, are found after
relaxation.

In Table 1, the equilibrium geometrical parameters of the compu-
tational cells are given for different numbers of atoms representing
CNT cross section: 𝑁 = 30, 35, 40 and 45. These results are obtained
4

taking the equilibrium interatomic distance in graphene 𝜌 = 1.418 Å.
The equilibrium distance between rigid atomic rows oriented along the
𝑧-axis is 𝑎 = 𝜌

√

3∕2 = 1.228 Å.
The CNT diameters considered in our study are smaller than the

critical value 𝐷𝑐 = 34 Å indicated in the paper (Onuoha et al., 2020)
for single-walled nanotube bundles.

At initial moment of time 𝑡 = 0, a rigid piston (vertical row of CNTs
𝑖 = 200) starts to move to the left with the speed 𝑉0. This row is depicted
in Fig. 2 by filled circles illustrating CNTs. The free surface conditions
at the left end of the computational cell are kept, and the simulation
is continued until the disturbance from the moving piston reaches the
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Fig. 5. Evolution of the CNT bundle structure in time when compressed by a piston moving at a relatively high speed 𝑉0 = 10 Å/ps: (a) 𝑡 = 10 ps, (b) 20 ps, (c) 30 ps, (d) 40 ps.
Here, too, 𝑁 = 40. The vertical blue lines indicate the faster wave front of elliptization of CNTs. The vertical red lines designate the wave front behind which CNT collapse is
observed. For the convenience of visual perception, the computational cell is divided into five sections, which are located one below the other. The piston is at the lower section
on the right (shown by filled CNTs), and the shock waves propagate from the bottom into the top sections of the cell. (For interpretation of the references to color in this figure
legend, the reader is referred to the web version of this article.)
left end of the cell. The piston velocities considered in this study are in
the range of 1 to 12 Å/ps (100 to 1200 m/s).

The total energy of the ‘‘piston – CNT bundle’’ system is conserved.
In the following, only the energy of the CNT bundle is analyzed, which
increases with time, since the piston does work on it. The simulation
does not use a temperature thermostat. At 𝑡 = 0, the CNT bundle
has zero temperature. In the part of the CNT bundle in front of the
compressive wave initiated by the moving piston, temperature remains
zero, and it becomes nonzero behind the wave. For selected piston
speeds (up to 12 Å/ps = 1200 m/s), the temperature does not exceed
1000 K, which is much lower than the melting temperature of carbon
structures (about 5000 K Zakharchenko et al., 2011). The chain model
5

formulated for this study cannot simulate CNT melting or fracture
because valence bonds are modeled by a harmonic potential Eq. (3);
but this potential can be replaced by a Morse potential so that bond
breaking can be simulated if desired.

4. Simulation results

Simulation of the shock compressive loading of a CNT bundle
shows that immediately after the piston starts to move at 𝑡 = 0, the
compressive wave front begins to propagate with a velocity 𝑉1; behind
the front of this wave, the shape of the CNT cross section changes from
circular to elliptical. If the piston speed is above the threshold value
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Table 1
Summary of geometrical parameters of the computational cells used in simulations.
Here 𝑁 is a number of atoms in CNT cross section, 𝐷 is CNT diameter, 𝐴 (Å) is a
distance between CNT centers, 𝐷𝑥 and 𝐷𝑦 are the sizes of the computational cell along
the 𝑥 and 𝑦 axes, 𝐿 is total number of atoms.
𝑁 30 35 40 45

𝐷 (Å) 11.75 13.7 15.65 17.6
𝐴 (Å) 14.83 16.78 18.74 20.7
𝐷𝑥 (Å) 2600 3000 3300 3600
𝐷𝑦 (Å) 120 140 150 170
𝐿 48 000 56 000 64 000 72 000

Fig. 6. The total energy of the atoms color coded according to the color bar shown on
the right. The left (right) part of the figure shows the bundle region behind the CNT
elliptization (CNT collapse) wave. Results for 𝑁 = 40, 𝑉0 = 10 Å/ps. (For interpretation
of the references to color in this figure legend, the reader is referred to the web version
of this article.)

of 𝑉 ∗
0 = 6 Å/ps than the second compressive wave moving with the

velocity 𝑉2 < 𝑉1 is initiated, and the cross sections of CNTs behind this
wave are collapsed.

Fig. 3 demonstrates how the speed of the two wave fronts (𝑉1 and
𝑉2) depends on the speed of the piston 𝑉0 for bundles containing CNTs
of different diameters. Recall that CNT diameter is controlled by the
number of carbon atoms 𝑁 in the cross section. Two different scenarios
of shock wave propagation for low and high piston speeds are clearly
visible, with a threshold value of approximately 𝑉 ∗

0 = 6 Å/ps, regardless
of the CNT diameter.

In the scenario (1), at 𝑉0 < 𝑉 ∗
0 , the first wave front propagation

speed 𝑉1 increases linearly with increasing the piston speed 𝑉0, and the
collapse wave is not generated at all. In the scenario (2), at 𝑉0 > 𝑉 ∗

0 ,
velocity 𝑉1 does not depend on 𝑉0, but at the same time 𝑉2 increases
linearly with an increase in the piston speed. At that, the velocity 𝑉2
does not show dependence on the CNT diameter, while 𝑉1 decreases
with increasing 𝑁 . In addition, the velocity of the wave front 𝑉1 for
CNTs with a larger diameter does not change as much with an increase
in the piston velocity 𝑉0 as for CNTs of a smaller diameter. It follows
from this that saturation can be expected at large CNT diameters, when
the velocity 𝑉1 practically ceases to depend on 𝑉0.

Time evolution of the CNT bundle structure with 𝑁 = 40 during
compressive wave propagation initiated with the piston speed of 𝑉0 =
3 Å/ps, which is smaller than 𝑉 ∗

0 , is presented in Fig. 4. In order to
visualize the entire computational cell, the latter is divided into five
sections, which are positioned one below the other. For clarity, the
wave front is indicated by the vertical blue line. In this scenario (1),
i.e. when 𝑉0 < 𝑉 ∗

0 , firstly the CNTs start to compress rapidly and later
they relax into various regular structures with elliptic cross-sections.
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In this case, no clear difference in the cross-section of the CNTs in the
vicinity of the blue line is visible, i.e. a gradient structure appears. Fig. 5
illustrates the scenario (2), namely, the propagation of the compressive
wave in exactly the same CNT bundle structure as in Fig. 4, but for a
higher piston velocity of 𝑉0 = 10 Å/ps. In this case, an excitation of
the collapse wave front (shown by the vertical red lines) is observed.
Three different types of structure during shock wave propagation can
be distinguished in Fig. 5. (i) To the left of the blue line, the CNT
cross-sections retain their circular shape, and the compressive waves
do not reach this region. (ii) Between the blue and the red lines, an
elliptization of CNTs takes place. (iii) To the right of the red line,
collapsed CNTs are visible.

The total energy (kinetic plus potential) of carbon atoms is shown
in Fig. 6 in colors from blue (zero energy level) to red (energy equal
to 0.25 eV), see the color bar on the right. This result is for 𝑁 = 40
and 𝑉0 = 10 Å/ps as in Fig. 5. A part of the bundle near the boundary
between the regions of CNT elliptization and collapse is presented.
First, we note that the energy density in the collapsed part of the bundle
is higher than in the part with elliptical CNTs. It can be concluded that
collapsed CNTs absorb energy better. Second, the atoms located in the
regions of CNTs with a large curvature of the cross section have the
highest energy. This is due to the fact that energy is mainly stored
in valence angles and not in van der Waals interactions and valence
bonds (Rysaeva et al., 2020a).

Fig. 7 shows the parameters that characterize the evolution of
structure and energy of the CNT bundle. The results are presented for
a time interval from 5 to 45 ps with a step of 5 ps. Top (bottom)
panels correspond the piston velocity 𝑉0 = 3 Å/ps (𝑉0 = 10 Å/ps).
All parameters are given as the functions of the vertical row number
𝑖 = 1,… , 200, and they are averaged over eight CNTs in each vertical
row.

Fig. 7(a) shows the displacement of the centers of gravity of CNTs
along the computational cell. In the top panel, propagation of the
compressive waves with the speed 𝑉1 is clearly seen. Before the wave
front approaches, the centers of gravity have zero displacements. Af-
ter passing the front, elliptized CNTs move with an almost constant
velocity of 𝑉1 = 61.7 Å/ps. An increase of the piston velocity up to
𝑉0 = 10 Å/ps (see bottom panel) results in an appearance of two
compressive waves. The faster wave of elliptization moves with the
velocity of 𝑉1 = 67.3 Å/ps, while the slower wave of CNT collapse with
𝑉2 = 21.1 Å/ps. The latter fact is clearly recognized by the presence of
two different slopes of the displacement curves.

The characteristic of CNT ellipticity as a function of the vertical row
number 𝑖 for 𝑉0 = 3 Å/ps is displayed in the top panel of Fig. 7(b).
The ratio of the minimal to maximal diameters of CNTs, 𝐷min∕𝐷max,
is averaged over 8 CNTs for each row. Before the compression wave
comes, the ratio 𝐷min∕𝐷max is close to unity indicating that the CNT
cross sections preserve a circular shape. Upon arrival and passage of the
wave front, this ratio rapidly drops to a plateau at about of 0.95 and
after some time decreases further performing oscillations. The minimal
value of the ratio observed in this numerical run is circa 0.65. At higher
speed of the piston, 𝑉0 = 10 Å/ps (see bottom panel), after passage of
the elliptization wave front, a reduction of 𝐷min∕𝐷max down to about
0.8 is observed. However, when the collapse wave passes, a sharp drop
of the 𝐷min∕𝐷max ratio down to about 0.2 occurs. It is this value that
characterizes fully collapsed CNTs in the bundle.

Potential energy per atom (averaged over eight CNTs for each row)
stored by valence bonds and valence angles are presented in Figs. 7(c)
and (d), respectively. As seen, before the wave comes, CNTs have
nearly zero valence bond energy and valence angle energy of about
1.75 eV. The latter energy is attributed to the energy spent to bend
flat graphene sheets into CNTs. Passing of the elliptization compressive
wave increases 𝐸bond up to about 0.06 eV and 𝐸angle up to about
1.85 eV. The subsequent collapse wave (seen only in the bottom panels)
increases the energy significantly, 𝐸 up to 0.5 eV on average and
bond
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Fig. 7. Distribution of structural and energy parameters along a CNT bundle during propagation of compression waves at times from 5 to 45 ps with a step of 5 ps. The parameters
are averaged over eight CNTs belonging to 𝑖th vertical row, where 𝑖 = 1,… , 200. (a) Displacements of the centers of gravity of CNTs along the 𝑥-axis; (b) ellipticity of CNTs, i.e. the
atio of the minimum diameter of CNTs to the maximum diameter; (c) the bond energy 𝐸bond and (d) the valence angle energy 𝐸angle. Upper panels of each subfigure show the
esults for the piston speed 𝑉0 = 3 Å/ps and lower panels for 𝑉0 = 10 Å/ps. For both cases 𝑁 = 40.
c
t

angle up to 5.5 eV. It should be noted that some time is needed for
lliptization of CNTs in the bundle after passing the elliptization wave.
lliptization results in further increase of 𝐸angle up to the value of
.05 eV. The front of CNT elliptization can be seen in Fig. 7(d) as a
harp rise of 𝐸 .
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angle t
Fig. 8 demonstrates kinetic, potential, and total energies of the
omputational cell per particle, as the functions of time, calculated for
he two different piston speeds of 𝑉0 = 3 Å/ps (upper panel) and 𝑉0 =

10 Å/ps (lower panel). The results are for 𝑁 = 40. One can see that
he kinetic and potential energies are nearly equal. The total energy
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Fig. 8. Increase in the potential (black solid line), kinetic (red solid line), and total
dotted orange line) energies per particle of the entire computational cell as functions
f time. The top and bottom panels show the results for piston speed of 𝑉0 = 3 and
0 Å/ps, respectively. For both cases 𝑁 = 40. (For interpretation of the references to
olor in this figure legend, the reader is referred to the web version of this article.)

ncreases slightly slower than linearly. The increase in the total energy
s about 6.8 times faster for 𝑉0 = 10 Å/ps as compared to the case of
0 = 3 Å/ps.

From the results presented in Fig. 8 one can extract the energy
bsorption rate by the CNT bundle, normalized to the unit surface. It
an be calculated as

=
𝐿𝐸𝑡𝑜𝑡
𝑇

× 1
3𝜌𝐷𝑦

, (7)

here the first multiplier on the right-hand side gives the total energy
f the computational cell, obtained at the moment of time 𝑡 = 𝑇 ,
ivided by the time 𝑇 . The second multiplier is the inverse surface
f the computational cell (parameters 𝐷𝑦 and 𝐿 are given in Table 1)
nd 𝜌 is the interatomic distance in the CNT wall. Generally, 𝑊 is the
nergy absorption rate per unit time and unit surface of the bundle. For
xample, from the top panel of Fig. 8 one finds that the total energy of
he computational cell per atom at 𝑡 = 𝑇 = 45 ps is 𝐸𝑡𝑜𝑡 = 0.0076 eV,
nd the surface of the computational cell for 𝑁 = 40 is 1∕(3𝜌𝐷𝑦) =
.57 × 10−3 Å−2. Then 𝑊 = 1.67 × 10−2 eV/(ps Å2).

The dependence of the energy absorption rate vs. the piston speed is
hown in Fig. 9 for bundles with CNTs of different diameters, which is
ontrolled by the number of carbon atoms in the CNT cross section,
.e. 𝑁 . It is seen that the energy absorption rate increases with a
ecrease in CNT diameter. The inset shows the energy absorption rate
ultiplied by the cube of the CNT diameter. Since all four curves merge
ithin the modeling error, then from this it can be concluded that
∼ 𝐷−3.
The absorption rate also increases with increasing piston speed

nd can be fitted by the bilinear function, as shown by the dashed
ines in the inset of Fig. 9. The lines cross at about 𝑉0 = 6 Å/ps,
hich separates the two dynamical regimes: (1) propagation of only
lliptization compressive wave and (2) propagation of the elliptization
nd the collapse compressive waves. The slope of the line in the second
egime is 2.2 times greater than in the first one. This means that the
ollapse of CNTs more than doubles the rate of energy absorption.
8

Fig. 9. Energy absorption rate as a function of piston speed 𝑉0 for bundles with CNTs
of different diameters, which is controlled by the number of carbon atoms in the cross
section 𝑁 . The inset shows the rate of energy absorption multiplied by the cube of the
CNT diameter. The green dashed lines show the bilinear fit.

5. Conclusions

In summary, propagation of compressive waves in a single-walled
CNT bundle was investigated using the chain model with reduced
number of degrees of freedom. Depending on the speed of the piston 𝑉0,
two different scenarios of shock wave propagation in the CNT bundle
were revealed. At values below the threshold value of 𝑉 ∗

0 = 6 Å/ps,
he compressive wave propagation with the velocity 𝑉1 followed by

elliptization of CNT cross-sections was observed. This was called regime
(1). In the regime (2), for 𝑉0 > 𝑉 ∗

0 , the elliptization wave was followed
by a wave of CNT collapse propagating with the velocity 𝑉2 < 𝑉1.

Energy absorption rate by the CNT bundle, 𝑊 , as the function
of the piston speed 𝑉0 increases with a decrease in CNT diameter as
𝑊 ∼ 𝐷−3. The dependence 𝑊 (𝑉0) can be fitted by a bilinear function
with two linear sections corresponding to the two modes of propagation
of compressive waves. The slope in the second mode is about twice as
much as in the first one. Thus, the collapse of CNTs increases the ability
of CNT bundles to absorb energy of compressive wave. Note that the
chain model underestimates the energy absorption of the CNT bundle
because the removal of the longitudinal degrees of freedom reduces the
energy absorption ability of the system.

The CNTs considered in this work have a relatively small diameter;
therefore, their collapsed cross sections, after removing the load, should
return to a circular shape (Impellizzeri et al., 2019; Chopra et al.,
1995; Chang, 2008; Maslov et al., 2020). This means that the CNT
bundles under consideration can be repeatedly used as elastic dampers
that effectively convert the impact energy into the energy of thermal
vibrations. Overall, the results of this study can be useful in the design
of elastic dampers.

In the present study only single-walled CNTs of the same diameter
were considered. Since the CNTs are often double- and triple-walled,
and there is always a dispersion of diameters in the bundle, the study
of the absorption of shock wave energy in such systems seems to
be a natural continuation of this work. The entanglement of CNTs
cannot be taken into account within the framework of the chain model
used here, and full atomic MD modeling or another approach must be
implemented.
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